Abstract--This paper describes a hybrid approach in which generation cost and demand uncertainties are represented by fuzzy numbers and the life cycle of system components is modeled by probabilistic models. The Monte Carlo simulation model is used to sample system states according to the failure rates of the system components and a Fuzzy DC OPF model is used to analyse each sampled state. This Fuzzy DC OPF model adopts multi parametric optimization techniques and admits that loads, generation costs or both of them simultaneously are modeled using fuzzy numbers. At the end of this process, it is possible to compute estimates of the Power Not Supplied and also of the exposure and robustness indices that characterize the ability that the system has to accommodate the specified uncertainties. This information can then be used to characterize the ability each reinforcement has in increasing the robustness of the system. Finally, the paper includes results for two case studies. On of them is based on a 6 bus system and the second uses the IEEE 24 bus/38 branch test system to illustrate the developed approaches.
and to equipment availability. In this context, several methods were developed in order to integrate uncertainties, namely, load uncertainties in the traditional composite reliability studies. These methods can then be classified as deterministic, probabilistic [1], hybrid [2] and fuzzy [3] . The deterministic approaches are easy to implement and understand, but they usually fail in giving the planner information related with the safety margins and typically lead to overdesigned plans. Regarding probabilistic and hybrid approaches, the stochastic aspects of the problem are explicitly represented, but there are different conceptual approaches with respect to uncertainty modeling. This means that in pure probabilistic approaches, loads are represented by probabilistic models while in hybrid approaches loads are represented by fuzzy numbers since one recognizes its behavior is hardly predicted, are very complex or are affected by lack of knowledge. According to [4] , these aspects are very important since that in the future it is expected that operating points would be judged as acceptable depending on the level of risk and the economic benefits associated with them and not simply based on operating reliability criteria. Following [4] , in the near future the question of balancing security and profit should be approached in such a manner to conform in a natural way with competitive structures by providing economic incentives to induce participants to include in their decision making processes the effects of these decisions on security levels. For instance, this could be achieved by including a security related component in the price of the transmission service.
Recognizing that reliability and economics should be treated together in order to perform objective cost benefit studies and that probably the reliability worth will be driven by markets, in this paper we present a new version of the Fuzzy Monte Carlo (FMC) algorithm originally described in [2] that admits that both loads and generation costs are represented by fuzzy numbers and that the life cycle of system components is modeled by probabilistic models.
Apart from this Introduction, Section II describes the New Fuzzy Optimal Power Flow model, Section III describes the FMC algorithm and Sections IV and V present Case Studies based on a six bus/eight branches power system and on the IEEE 24 bus/38 branch system to illustrate the algorithms. Finally, Section VI presents the most relevant conclusions.
II. NEW Fuzzy OPTIMAL POWER FLow
Starting from the original concept of the Fuzzy Optimal Power Flow algorithm developed by the second author of this paper and detailed in [2, 5] , the NFOPF model [6] is an optimization problem aiming at identifying the most adequate generation strategy, driven by an economic criterion, admitting that, at least, one load and/or generation cost is represented by a fuzzy number. Similarly to its original model, the NFOPF model also uses the DC approach to model the operation of the network. However, instead of running a number of parametric studies, the new developed model uses multiparametric linear programming techniques. This is an important improvement, since it allows obtaining more accurate membership functions in the sense that they actually represent the widest possible behavior of each output variable of the problem.
The NFOPF algorithm starts with a deterministic DC-OPF using the central values of the fuzzy numbers that represent loads and/or generation costs to identify a feasible and optimal solution according to the limits of generators and branches and the active power balance equation (1 -5). In this model Pgk is the generation in bus k with costck and PNSk is the power not supplied in bus k, Pg'kin, Pg� , lbmin and pb rnax are the generation and branch flow limits, abk is the DC sensitivity coefficient of the flow in branch b regarding the injected power in bus k and G is the cost assigned to the PNS in the system. To take into account loads and/or generation cost uncertainties, the algorithm comprises a set of steps that are summarized in the next paragraphs:
i. integrate in the original problem (1 -5) uncertainty parameters associated with each fuzzy load and/or generation cost leading to a multiparametric problem;
ll. starting from the optimal and feasible solution of the initial deterministic DC-OPF problem (1-5), the algorithm proceeds to find the set of other optimal and feasible solutions provided they are valid in a region of the uncertainty space. These regions are called critical regions and their identification is conducted by pivoting over the initial basis as well as over all the new ones identified during the search process. This process is performed using the algorithms detailed in [7] 
A. General Aspects
The Fuzzy Monte Carlo algorithm originally described in [2] corresponds to a hybrid reliability evaluation approach in which the states to analyze are sampled by a random process based on the Forced Outage Rates (FOR) of the components. The main difference of this approach regarding the traditional Monte Carlo (MC) algorithm is that each sampled state is analysed using the NFOPF algorithm, since loads and/or generation costs are modelled by fuzzy numbers.
B. Regression Function Technique
The MC technique is very flexible given that it allows considering several operation aspects of a power system not always easily captured by analytical models. However, running a MC simulation can be computational heavy. In this sense, analytical methods can be used to speed up the convergence of the MC simulation, as it is the case of the control variable technique. In this case, we use a regression function, Z, to obtain an approximation of the expected value of the function, F, to be analyzed. For each sampled state a residual, q(x), is evaluated by subtracting F(x) and Z(x) so that we obtain a new estimator of F, F*, given by (6):
In (6), E(Z) is the expected value of the regression function usually evaluated by an analytical method external to the simulation process. If Z and F are strongly and positively correlated, the value of the residual function will be small, and so the variance of F* will be smaller than the variance of F and the expected values of F and F* coincide (7) .
i =1
In order to apply this technique to the FMC simulation it is important to address two issues: the selection of the regression function and its fuzzification, so that one can incorporate fuzzy data. In this work, we selected as regression function the PNS only due to deficiencies of the generation subsystem. The expected value of this function, E(Z) , is easily computed using the Capacity Outage Probability Table. If loads or generation costs are represented by fuzzy numbers, then (8) is used to
In this expression, $ and l: denote the addition of fuzzy numbers and g represents the deconvolution process.
PNS( xi) is the fuzzy number resulting from the NFOPF exercise and PNS g ( xi) is calculated by (9) and it corresponds to the PNS of state Xi considering only generator outages.
In this expression:
i} is the fuzzy number of the total system active load; p;' dx is the total system installed generation capacity; (9) p;ut ( Xi) is the addition of generator capacities out of service in state x i ; f is a fuzzy variable function that nulls the membership degree of negative values.
In (8), the membership function of the expected PNS only due to generator deficiencies, E( PNS g ) , can be obtained using the Capacity Outage Probability Table, according to (10). In this expression, PNS g ( Xi) is given by (9) , p( Xi) is the probability of state x i only considering generator outages and I represents the addition of fuzzy numbers.
--
The convergence of the FMC algorithm can be evaluated by monitoring the uncertainty coefficient f3 as defined by (11).
In this expression E ( jctr ) represents the central value of the current estimate of the expected value of j obtained for each state using the NFOPF algorithm, N is the number of analyzed states and V( E ( jc tr )) is the variance of the expected value of j . The simulation ends when the current value computed for f3 becomes smaller than a pre-specified value. for cut levels lower than a; coinciding with Iexo> the system loses its ability to completely accommodate the uncertainties originating non-zero values for PNS.
In each analysed state, the NFOPF model outputs the values of the exposure and robustness indices. Once N states are sampled and analysed, the expected values of these risk indices are given by (12) and (13) .
(12) (13)
IV. CASE STUDY USING THE SIX BUSIEIGHT BRANCH SYSTEM

A. Data
In this case we considered the 6 bus/8 branch system in Figure 2 . Table I presents the system data regarding the central value of loads, branches and generator data. It should be mentioned that branch capacities were set at 8 MW, branch reactances are in a 100 MV A base and it was considered a Forced Outage Rate (FOR) of 0.01 for all branches.
E. Risk Indices together with reliability data we can be interested in evaluating the capacity that the system has to accommodate the specified uncertainties, that is, in characterizing the risk of not being able to meet the demand. This leads to the computation of risk indices, namely, the exposure and the robustness indices, lex p and lrob, respectively. The first one is defined as the lowest level of uncertainty for which the system is still able to accommodate the uncertainty without load shedding and the second one is the difference to one of the exposure index. 
PNS
Taking into account this definition, Figure 1 displays a possible membership function obtained for PNS. According to this function, the Exposure Index corresponds to a because above this level the PNS is zero. We can also conclude that:
for cut levels larger than a; coinciding with Iexo> the system is still able to accommodate the specified uncertainties without violating branch andlor generation capacity limits, and so the PNS value would always be zero; 
B. Considering Load Uncertainties
In order to model load uncertainties, loads in buses 2, 4 and 5 were defined by the trapezoidal fuzzy numbers (14-16). At the end of the FMC algorithm, it was possible to obtain the expected values for the expected robustness and exposure indices, 0.88 and 0.12. To evaluate the behaviour of the model regarding parameter variations it was also simulated a situation in which branch capacity limits were reduced to 6 MW. In this case, these indices change to 0.86 and 0.14, meaning that the reduction of the branch limits increases the risk of the system not being able to supply the demand.
C. Considering Generation Cost Uncertainties
In this case, the costs of generators 111, 211 and 5/1 were defined by the trapezoidal numbers (17-19). From these Figures, we can see that the membership function of the generator 6/1 is not always zero because, for some uncertainty values, the generator 211 becomes more expensive than the generator 6/1. As a result, for these uncertainty values this generator becomes the marginal one. 
D. Considering Loads and Generation Cost Uncertainties
In this case we considered, simultaneously, the load uncertainties specified by (14-16) and the generation cost uncertainties modeled by (17-19). Figures 8 and 9 present the membership functions of the generators 111,2/1,5/1 and 6/1. These Figures indicate that the membership function of the generator 6/1 is not always zero as it was in the results of Section IV.B, neither it presents a constant value of 1 MW as it was the case detailed in Section IV.C. In fact, the result displayed in Figure 9 reveals the combined effect of the specified load and generation cost uncertainties. After running the FMC algorithm, it was possible to obtain the values of 0.84 and 0.16 for the expected value of the robustness and exposure indices. Figure 10 presents the membership function of the expected value of PNS and of the evolution of the fJ coefficient given by (11) along the FMC simulation. As expected, the robustness index obtained for this case corresponds to a value smaller than the ones obtained on Sections IV.B and C reflecting the effect of modelling simultaneously load and generation cost uncertainties. 
V. CASE STUDY USING THE 24 Bus/38 BRANCH TEST SYSTEM
A. Data
The second case study is based on the IEEE 24 bus/38 branch test system. The original data for this system is given in [8] . The data related with the central values of loads, with the installed system capacity and with the central values of the generation costs can be obtained from [9] . Branch data can be obtained from [8] considering that the transformers have a capacity of 400 MW, the capacity of branches 1 to 6 and 8 to 13 was set at 175 MW and the capacity of the remaining branches was set at 500 MW. In this case the trapezoidal fuzzy numbers used to model load uncertainties range from +/-10 per cent and from +/-5 per cent of its central value on the 0,0 and on 1,0 levels of uncertainty, respectively. Figure 11 presents the membership functions of generators 19/1 and 2111.
As expected, load variations determine changes on the output of generator 2111 since it is the marginal one. When this generator reaches its maximum capacity, generator 19/1 becomes the marginal one. Figure 12 presents the membership function of the expected value of PNS when generator 23/1 is 
C. Considering Generation Cost Uncertainties
In this simulation, the trapezoidal fuzzy numbers (20-25) were used to model the cost of generators 111,2/1, 7/1, 19/1, 2212 and 2312. As a result of this simultaneous uncertainty modelling, for some combinations of the specified uncertainties there is congestion on the branches 16-19 and 11-13. The congestion on branches 16-19 and 11-13 prevents generators 19/1 and 13/3 from having larger outputs.
After running the FMC algorithm, we obtained 0.90 and 0.10 for the expected robustness and exposure indices, showing that the system is now less robust. Figure 16 presents the expected PNS membership function obtained when generator 23/1 is available and when it is removed. Removing this generator, turns the system more exposed and the exposure and robustness indices change to 0.86 and 0.14, respectively. 
VI. CONCLUSIONS
This paper describes an enhanced Fuzzy DC OPF model regarding an original contribution back in the early 90' s. This tool is then integrated in a Monte Carlo simulation leading to an hybrid approach that deals with uncertainties modelled by fuzzy concepts (loads and generation costs) and probabilistic models (reliability data). This is important in itself and 6 indicates that one should use the most adequate approach to model uncertainties depending on the available data.
On the other hand, the developed Fuzzy Monte Carlo can also be used to compute risk indices that can be helpful in assessing the ability that power systems, namely transmission systems, have in accommodating the specified uncertainties. In view of a list of possible investments in the transmission system expansion or reiforcement, transmission providers or regulatory agencies can get information about the risk inherent to the system. This would mean running again the Fuzzy Monte Carlo simulation considering the reinforcement under study in order to get the new values of the exposure and risk indices. These values together with the corresponding investment costs can be used to identify non dominated the solutions in the plane investment costs / Exposure Index. Using these non-dominated solutions one can conduct a final trade-off analysis so that it becomes possible to take more robust transmission expansion decisions.
